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Abstract

This paper describes an NMR method capable of determining the diffusion constant of a material within a few milliseconds and

without the need of multiple scans. The method can be used with static or pulsed magnetic field gradients. It may be used to detect

time-dependent processes, such as in chemical reactions, production monitoring, and medical MRI.

� 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The diffusion constant of molecules is often measured

by NMR experiments using static or pulsed magnetic
field gradients. The pulse sequences for such measure-

ments are based on the work of Hahn [1] and Stejskal and

Tanner [2]. The basic idea is to first use the field gradient

to create a spatial sinusoidal modulation of spin mag-

netization in the sample, then monitor the time evolution

(often decay) of the signal. The modulation is created by

precession of the spin magnetization in the field gradient

and often described by a wave-vector, k (or q), which is
determined by the gradient g and its duration s

k ¼ cgs: ð1Þ
Here, c is the gyromagnetic ratio of the observed nuclei.

The diffusion constant is obtained by a series of mea-

surements with different values of k and for each k
several scans in order to select the desired coherence

pathway.

In addition, when fluid is present in a porous me-

dium, such as a rock, the molecular diffusion can be
affected by the presence of the solid [3]. As a result, the

apparent diffusion constant of the fluid may be reduced

when the diffusion distance approaches the size of the
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pores, such as the length scale defined by the surface-to-

volume ratio [4]. In this case, the diffusion propagator

[5,6] is often measured as a means to characterize the

pore geometry. Often, data for more than 10 values of k
are needed to properly define the propagator. Thus,

multiple measurements are needed and the time to ob-

tain a full data set can be very long.

The current paper introduces a method for the mea-

surement of diffusion that uses one scan acquisition to

acquire data at a series of k. It requires no additional

scans for phase cycling nor for different values of k. It is
thus, a truly fast measurement. This method is closely
related to the previous imaging methods of PREVIEW

[7] and QUEST [8], and the methods for diffusion

measurements by small tipping angle pulses, such as

BURST-type sequences, for example, in [9–11]. We will

show that the current method is advantageous in more

efficient use of the available signal (thus better signal-to-

noise ratio) and not limited to small tipping angles.
2. Multiple modulations

2.1. Spatial modulation of spin magnetization

In the presence of a magnetic field gradient g, the

transverse magnetization components, Mx, and My ,

precess to acquire a phase (U) that is proportional to the
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local magnetic field, B0 þ g � r, where B0 is the average
field, r is a vector in space

U ¼ scg � rþ scB0; ð2Þ
where s is the time period of the precession. We omit the

constant term since it is the same for the entire sample.

This spatially dependent phase factor causes the mag-

netization to form a sinusoidal modulation in space with

a spatial wave length k

1

k
¼ cjgjs: ð3Þ

Often, a wave-vector k is defined as k ¼ cgs to depict the

orientation and the length scale of the modulation. Most
diffusion-related measurements require several scans to

generate different values of k and often for necessary

phase cycling.

2.2. Coherence pathways

We define three states of spin magnetization of an

ensemble of spin-1/2 nuclei, M0, M�, and Mþ:

M0 ¼ Mz;

Mþ ¼ ðMx þ iMyÞ=
ffiffiffi
2

p
;

M� ¼ ðMx � iMyÞ=
ffiffiffi
2

p
:

ð4Þ

These states are marked by q which can be 0, +1, and

)1, (or 0, + and �), respectively. Note that the M� and

Mþ defined here are a factor of 1=
ffiffiffi
2

p
of those in [12,13].

A RF pulse rotates the magnetization vector, M �
ðMþ;M�;M0Þ, and thus changes q

MðtpÞ ¼ R �Mð0Þ: ð5Þ
Here, Mð0Þ and MðtpÞ are the magnetization vectors

before and after the pulse of a duration tp. R depends on

the Larmor frequency offset from the RF frequency xRF ,

Dx0 � cjB0j � xRF , x1, and tp. Then, the nutation fre-

quency is X �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

1 þ Dx2
0

p
, where x1 ¼ cB1=2, and the

tipping angle is Xtp. The matrix elements,

Rl;mðDx0;x1; tp;/Þ, are shown below (note that they are

slightly different from those used in [12,13] due to the

definitions of M�)

Rþ;þ ¼ R�
�;�

¼ 1

2

x1

X

� �(
þ 1

"
þ Dx0

X

� �2
#
cosðXtpÞ

)

þ i
Dx0

X

� �
sinðXtpÞ; ð6Þ

R0;0 ¼
Dx0

X

� �2

þ x1

X

� �2
cosðXtpÞ; ð7Þ

Rþ;0 ¼ R�
�;0

¼ x1ffiffiffi
2

p
X

Dx0

X
½1

�
� cosðXtpÞ� � i sinðXtpÞ

�
eþi/; ð8Þ
R0;þ ¼ R�
0;�¼

2x1

X
Dx0

X
½1

�
� cosðXtpÞ� � i sinðXtpÞ

�
e�i/;

ð9Þ

Rþ;� ¼ R�
�;þ ¼ 1

2

x1

X

� �2
½1� cosðXtpÞ�eþi2/: ð10Þ

In this article, we consider pulses of constant amplitude

while the nutation angle (a) is varied by the pulse du-

ration, and the rotation matrix of the lth pulse is labeled
as Kl � Rq;q0 ðDx0;x1; tp;/Þ, where q0 and q are the

magnetization states before and after the lth pulse.

The pulse sequences considered in this article consist

of a train of N pulses. A coherence pathway is charac-

terized by a series ofN þ 1 numbers,Q � ðq0; q1; . . . ; qN Þ,
where q0 ¼ 0 is the magnetization state before the first

pulse. The contribution of each coherence pathway can

be written as a product of three factors

MQ ¼ AQ � BQ � CQ ¼
YN
l¼1

Kl

 !
� exp i

XN
l¼1

qlul

 !* +

� exp

"
�
XN
l¼1

q2l=T2

�
þ 1� q2l

T1

�
sl

#
; ð11Þ

where sl is the time period between the lth and the

ðlþ 1Þth pulses. AQ is the frequency spectrum of the

resulting signal and it depends only on the RF pulses. BQ

is due to diffusion and is independent of frequency. ul is

the random phase factor due to diffusion between pulse l
and lþ 1 in the presence of magnetic field gradients.

The angle brackets h. . .i represent an ensemble average

of the random phase factors, u0;u1; . . . ;uN . CQ is the
relaxation attenuation factor and it decays with a time

constant T1 during the periods when ql ¼ 0 and with T2
when ql ¼ �1.

To understand BQ, it is useful to introduce for each

coherence pathway the instantaneous wave-vector kðtÞ
in analogy to the approach in magnetic resonance im-

aging [14,15]

kðtÞ ¼ cg
Z t

0

qðt0Þdt0; ð12Þ

where g is the field gradient, qðt0Þ is the instantaneous

value of q that is piecewise constant between pulses.
The attenuation induced by unrestricted diffusion for a

given coherence pathway can then generally be written

as [2]

BQ ¼ exp

�
� D

Z T

0

kðtÞ2dt
�
; ð13Þ

where D is the bulk diffusion constant, and time t ¼ 0 is
defined as the beginning of the sequence and T is the

echo time. A modified equation [16] can be used to

evaluate the diffusion decay for restricted diffusion. The

pulse sequences in this article are deliberately designed
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so that all coherence pathways will yield echoes that are
well separated in the time domain. We will show the

resulting BQ for our sequences later.

2.3. Multiple modulation multiple echoes

Consider a static magnetic field gradient and a train

of three pulses with tipping angles a1, a2, and a3, and the

time spacing between them to be s1, s2,

a1–s1–a2–s2–a3–acquisition ð14Þ
The nutation angles of the pulses are not necessarily
multiples of 90�. In the presence of constant field gra-

dients, for instance, the nutation angle of a pulse will

depend on the frequency offset and the RF uniformity

so that it may not be the same for the entire sample.

Neglecting recovery due to T1 relaxation for the mo-

ment, the above sequence will allow a total of five co-

herence pathways to be observed and thus create five

signals

ð15Þ

q3 ¼ �1 for the detection period as is the convention.

The first coherence pathway (0,0,0,)1) gives rise to an
FID signal and all others produce echoes. The symbols

bQ, c1Q, and c2Q will be explained later.

During the periods of s1 and s2, transverse magneti-

zation ðq ¼ �1Þ will acquire a phase of qgsi (i ¼ 1 and

2), thus the echo appears when the total phase is zero

q1s1 þ q2s2 � s3 ¼ 0; ð16Þ

where s3 is the waiting time after the last pulse for the

echo to appear, thus s3 P 0. When the ratio of s1 and s2
is set to 1:3, all echoes are separated by s1. In the table
above, the phase index is the ratio of s3=s1 for each

coherence pathway.

Different coherence pathways create different spatial

phase modulation and they yield echo signals at different

times, completely separable. As a result, in one scan of

the sequence, 5 different modulations can be measured.

Thus, we name this class of sequences multiple modu-

lation multiple echoes (MMME), pronounced M-M-
Me.

For each coherence pathway Q, molecular diffusion

causes a reduction of the signal amplitude by an expo-

nential factor, i.e., from Eq. (13)

BQ ¼ expð�bQDc2g2s3Þ: ð17Þ
The diffusion number bQ can be calculated for all co-
herence pathways and the results for the sequence with

the optimal s ratio are listed above.

It is straightforward to calculate the relaxation effect

due to T1 and T2 using two numerical parameters, c1Q
and c2Q

CQ ¼ exp

�
� c1Q

s1
T1

� c2Q
s1
T2

�
: ð18Þ

The resulting c1Q and c2Q are listed in the table above.

The above example of 3-pulse sequence can be ex-

tended to a general methodology with N pulses, called

MMMEN . We have derived that for N pulses

a1–s1–a2–s2– � � � aN–acquisition; ð19Þ
a total of

3ðN�1Þ � 1

2
þ 1

coherence pathways generate observable signals [17].

Each coherence pathway may provide a different mod-

ulation (k). In order for the echoes to appear at well

separated times during acquisition, one can set the time

periods (si) to be powers of 3, for example

si ¼ 3i�1s1: ð20Þ
Different permutations of the time periods si will result
in a different diffusion and relaxation effects for each

coherence pathway, thus offer a mechanism for optimi-

zation. For example, with four pulses (MMME4), 14

signals can be recorded, providing 14 different modula-

tions. The FID signal is obtained right after the last

pulse due to the coherence pathways such as
(0,0,0,0,)1). bQ was calculated for MMME4 used for the

comparison between the theoretical and experimental

results in the later section.

This is one of the unique advantages of the MMME

technique that the number of modulations is exponential

with respect to the number (N ) of RF pulses.

The idea of MMME is completely compatible with

the use of pulsed field gradient during the precession (si)
periods. Similar RF sequences were reported to combine

with pulsed field gradients to perform low-resolution

imaging experiments [7,8]. The MMME pulses are not

limited to the small tipping angles. Also, the tipping

angles of all pulses may or may not be equal. It is pos-

sible to optimize the tipping angles to enhance or sup-

press specific coherence pathways and thus the

corresponding echoes.

2.4. Recovery due to T1 relaxation during the sequence

When spin relaxation (both T1 and T2) are significant
over the time scale of the s’s, the signal from each co-

herence pathway will be attenuated by an exponential

factor dependent on the values of T1 and T2. This effect is
characterized by the CQ factor. In addition, T1 relaxation
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will cause recovery of the z-magnetization after each
pulse. This z-magnetization may then be rotated and

refocused by the subsequent pulses and produce signals.

In addition to the N -pulse coherence pathways discussed

above, this effect increases the contributing coherence

pathways to include those produced by N � k pulses and
k ¼ 1; 2; . . . ;N � 1. If MN is used to denote the entire

class of coherence pathways for N pulses, the full signal

has to include contributions from MN�k

M ¼ MN þ
XN�1

k¼1

½1� expð�sk=T1Þ�MN�k: ð21Þ

Since the phases of echoes due to MN�k will be

identical with those of the similar coherence pathways

from MN , these echoes will overlap. Furthermore, the

echo shapes can be different, since the coherence path-

ways are different, i.e. (0,0,1,)1) and (0,1,)1). These

effects may complicate the quantitative analysis of the
results. On the other hand, the number of echoes af-

fected by this effect is only about 1/3 of the total number

of echoes. The experimental results reported in later

sections were obtained using a tap-water sample with T1
of about 3 s and the relaxation effects are much weaker

than that due to diffusion and thus ignored.
3. Echo amplitude and shapes

3.1. Hard pulses

It is simpler to illustrate the echo train of MMME

sequences by using hard RF pulses. The condition of

hard RF pulses can be achieved by using pulsed gradi-

ents. For example, the field gradient is turned off before
applying RF pulses and turned on afterwards. The ef-

fects of the hard pulses are treated by only considering

the on-resonance matrix, R, for the rotation of the

magnetization vector M ¼ ðMþ;M�;M0Þ
MðtpÞ ¼ RðaÞMð0Þ
and

RðaÞ ¼

1þcos a
2

1�cos a
2

e2i/ �i sin affiffi
2

p ei/

1�cos a
2

e�2i/ 1þcos a
2

i sin affiffi
2

p e�i/

�i sin affiffi
2

p e�i/ i sin affiffi
2

p ei/ cos a

0
BB@

1
CCA;

ð22Þ

where a is the on-resonance tipping angle of the pulse of

length tp. This case of on-resonance rotations has been

discussed previously [7,8] for imaging experiments. We

will analyze the tipping-angle dependence in detail and

derive a procedure to obtain the optimal angles.

For a hard-pulse MMME4 sequence, spin echoes

can form for 13 coherence pathways and an FID is

measurable for one coherence pathway. The signals
and the corresponding coherence pathways are given

as:
ð0; 0; 0; 0;�Þ : I0 ¼
iffiffiffi
2

p cos a1 cos a2 cos a3 sin a4 e
�/4 ;

ð23Þ

ð0;þ;0;0;�Þ : I1¼
�i

2
ffiffiffi
2

p sina1 sina2 cosa3 sina4e
ið/1�/2�/4Þ;

ð24Þ

ð0;�;þ; 0;�Þ : I2 ¼
i

4
ffiffiffi
2

p sin a1ð1� cos a2Þ

� sin a3 sin a4 � e�ið�/1þ2/2�/3�/4Þ;

ð25Þ

ð0; 0;þ; 0;�Þ : I3 ¼
�i

2
ffiffiffi
2

p cos a1 sin a2 sin a3 sin a4

� e�ið/2�/3�/4Þ; ð26Þ

ð0;þ;þ; 0;�Þ : I4 ¼
�i

4
ffiffiffi
2

p sin a1ð1þ cos a2Þ sin a3 sin a4

� e�ið/1�/3�/4Þ; ð27Þ

ð0;�;�;þ;�Þ : I5 ¼
i

8
ffiffiffi
2

p sina1ð1þ cosa2Þð1� cosa3Þ

� ð1� cosa4Þ� e�ið�/1þ2/3�2/4Þ; ð28Þ

ð0;0;�;þ;�Þ : I6 ¼
i

4
ffiffiffi
2

p cosa1 sina2ð1� cosa3Þð1� cosa4Þ

� e�ið�/2þ2/3�2/4Þ; ð29Þ

ð0;þ;�;þ;�Þ : I7 ¼
�i

8
ffiffiffi
2

p sin a1ð1� cos a2Þ

� ð1� cos a3Þð1� cos a4Þ
� e�ið/1�/2þ2/3�2/4Þ; ð30Þ

ð0;�;0;þ;�Þ : I8¼
i

4
ffiffiffi
2

p sina1 sina2 sina3

�ð1�cosa4Þ�e�ið/1þ/2þ/3�2/4Þ; ð31Þ

ð0; 0; 0;þ;�Þ : I9 ¼
�i

2
ffiffiffi
2

p cos a1 cos a2 sin a3

� ð1� cos a4Þ � e�ið/3�2/4Þ; ð32Þ

ð0;þ;0;þ;�Þ : I10¼
i

4
ffiffiffi
2

p sina1 sina2 sina3

�ð1�cosa4Þ�e�ið/1�/2þ/3�2/4Þ; ð33Þ

ð0;�;þ;þ;�Þ : I11¼
i

8
ffiffiffi
2

p sina1ð1�cosa2Þð1þcosa3Þ

�ð1�cosa4Þ�e�ið/1�2/2�2/4Þ; ð34Þ



Fig. 1. Four types of angular dependence are shown: sin a=
ffiffiffi
2

p
(dash-

dot line), j cos aj (short dashed line), ð1þ cos aÞ=2 (long dashed line),

and ð1� cos aÞ=2 (solid). At a ¼ 70:53� (cos a ¼ 1=3), the spread of the

four factors is minimum.
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ð0; 0;þ;þ;�Þ : I12 ¼
�i

4
ffiffiffi
2

p cos a1 sin a2ð1þ cos a3Þ

� ð1� cos a4Þ � e�ið/2�2/4Þ; ð35Þ

ð0;þ;þ;þ;�Þ : I13 ¼
�i

8
ffiffiffi
2

p sin a1ð1þ cos a2Þð1þ cos a3Þ

� ð1� cos a4Þ � e�ið/1�2/4Þ: ð36Þ

Here, I0 gives an FID and each of Inðn ¼ 1; 2; . . . ; 13Þ
gives an echo. When s1 ¼ s2=3 ¼ s3=9 ¼ s as discussed

earlier, the 13 echoes are separated from each other and
appear at t ¼ ns. Most other NMR methods for diffu-

sion often single out one coherence pathway by ex-

ploiting the signal dependence on the phase of the RF

pulses, /1;/2;/3, and /4. The MMME method gener-

ates echoes at different times and hence, all echoes can

be obtained individually in a single scan. Thus, no phase

cycling is needed and all phases may be set to zero.

3.2. Optimization of pulse angles

The above Eqs. (23)–(36) show that it is impossible to

find a set of flip angles to equalize the magnitude of all

echoes. This can be understood by observing the four

different flip-angle dependences among the 13 MMME

echoes for all RF pulses except the first and the last. On

the other hand, the magnitude difference among the
MMME echoes can be minimized. For the first RF

pulse, the flip-angle dependence is either sin a1=
ffiffiffi
2

p

(when rotating q0 ¼ 0 to q1 ¼ �1) or cos a1 (when ro-

tating q0 ¼ 0 to q1 ¼ 0). These two terms are equal when

a1 ¼ arcsin
ffiffiffiffiffiffiffiffi
2=3

p
, sin a1=

ffiffiffi
2

p
¼ cos a1 ¼ 1=

ffiffiffi
3

p
. For the

last pulse, the flip-angle dependence is either sin a4=
ffiffiffi
2

p

or ð1� cos a4Þ=2. Similarly, they are equal when

a4 ¼ arccosð�1=3Þ.
All other RF pulses involve four types of the flip-

angle dependence, i.e., sin a=
ffiffiffi
2

p
; cos a; ð1þ cos aÞ=2, and

ð1� cos aÞ=2. The minimum spread of the signals is

achieved at a ¼ arccosð1=3Þ when
1þ cos a
1� cos a

¼ sin affiffiffi
2

p
cos a

and also for a ¼ arccosð�1=3Þ when
1� cos a
1þ cos a

¼ sin affiffiffi
2

p
cos a

:

For both cases, sin a=
ffiffiffi
2

p
¼ 2=3, j cos aj ¼ 1=3 and

j1� cos aj=2 is either 1/3 or 2/3. This optimum can be

easily seen from Fig. 1, where the four types of flip-angle

dependence are shown.

From Eqs. (23)–(36), the signal amplitude is depen-

dent on the product of the factors of the first and last

pulses, and the two angular factors associated with the
two pulses a2 and a3. Since each of the two angular

factors for a2 and a3 consist of all four types, the

product of the two minima (or the maxima) will deter-
mine the minimum (or the maximum) of the final signal.

As a result, the optimal tipping angles are: a1 ¼
54:74�; a2 ¼ a3 ¼ 70:53�, and a4 ¼ 109:47� and the am-

plitudes of the 13 echoes become: i
ffiffiffi
3

p
=81ð�4; 4;�8;

�8; 4; 4;�2; 8;�4; 8; 4;�8;�8Þ.
Two interesting features are of note. First, the sum of

the magnitude of the 13 echoes is 74
ffiffiffi
3

p
=81, which is 2.24

times the magnitude of a Hahn echo (generated by the

90�–180� sequence) as sinðp=2Þð1� cospÞ=2
ffiffiffi
2

p
¼ 1=

ffiffiffi
2

p
.

The magnitude of the six largest echoes is about one

quarter of that of the Hahn echo. Except for the 7th

echo the magnitude difference among all echoes is only a

factor of 2.

The above conclusions can be generalized to a

MMME sequence with N RF pulses. When the flip
angles are set as: a1 ¼ 54:74�; a2 ¼ a3 ¼ � � � ¼
aN�1 ¼ 70:53�, and aN ¼ 109:47�, then the weakest echo

is the number ð3N�1 þ 1Þ=4 echo for even N ’s or the

number ð3N�1 � 1Þ=4 echo for odd N ’s. Except for this

echo, the magnitude difference among all echoes is only

a factor of 2N�3.

3.3. Soft pulses

For experiments in constant field gradient and ex-

tended sample size along the gradient direction, it is

often that the off-resonance signals cannot be neglected.

In this case, each pulse is slice-selective and the fre-

quency dependence needs to be included explicitly to

understand the spin dynamics to evaluate the echo am-

plitude and shapes.
Eq. (11) shows that AQ is dependent on the frequency

offset, thus it determines the frequency spectrum and the

echo shape of each coherence pathway. The spectra and

time domain echo shapes can be evaluated numerically

using Eq. (11) provided that the spatial RF and

magnetic field profiles are known. We have assumed a

constant RF amplitude and field gradient, thus the

spectrum of an MMME4 echo is given by
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K1K2K3K4 ð37Þ

and

Ki ¼ Rqi�1qiðDx;x1; tpi;/Þ; ð38Þ
where tpi is the length of the ith pulse. We have evaluated

numerically the frequency spectra of the MMME4 se-

quence with a1 ¼ a2 ¼ a3 ¼ 90� and a4 ¼ 180� and the

phase of all pulses was set to zero. The spectrum for each

coherence pathway and echo is shown in Fig. 2. The time-

domain echo shapes, Fig. 3, were obtained by the Inverse

Fourier transformation of the corresponding spectrum.

An MMME4 experiment on a tap water sample was
performed and the resulting echoes are shown in Fig. 4.

The echo shapes of the theoretical calculation clearly

reproduce the experimental results for each echo. In

particular, the maximum of many echoes occurs away

from the echo center which is defined by ns1 after the

last pulse. This is due to the spatial modulation of the

spectrum. To compare quantitatively the theoretical

evaluation and the experimental results, we define the
signal amplitude for the nth echo InðtÞ by the following

formula

Sn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
dtInðtÞI�n ðtÞ

s
; ð39Þ

which is essentially the signal power. Certainly, other

definitions can be used such as the matched filter. In the
Fig. 2. Theoretical frequency spectra (solid lines for the imaginary part and d

(90�–90�–90�–180�). The labels inside the echo boxes are echo numbers, coher

FID signal right after the last pulse (n ¼ 0).
last panel of Fig. 4, the amplitudes for all 13 echoes are
compared between theoretical and experimental results

showing a very good agreement.

3.4. Methods using two scans

One of the possible ways to use MMME sequences to

determine diffusion is by repeating the sequence, for

instance, MMME4, with two sets of si with s1 ¼ s and
s0, while keeping the ratio the same. Then, the shapes of

the corresponding echoes will be identical and their

amplitude ratio can be found to be

SQðsÞ
SQðs0Þ

¼ exp½�bQDc2g2ðs3 � s03Þ�: ð40Þ

Each pair of the echoes will give one data point for

the diffusion decay and a total of 13 data points can

be obtained by the two acquisitions, as shown in

Fig. 5.

If measurement speed is of concern, the following

method can be used to calibrate the echo shapes using a

standard sample of small or known diffusion constant.
The first experiment can be performed with the standard

sample using the same sequence, possibly with a small s
to minimize the diffusion effects. From this experiment,

the echo shapes without diffusion decay can be obtained.

Then, one scan on other samples with a selected s is

sufficient for obtaining data of multiple k.
ashed lines for the real part) for each coherence pathway of MMME4

ence pathways (inside the bracket parentheses). The first box shows the



Fig. 3. Theoretical echo shapes for MMME4 (90�–90�–90�–180�) for each coherence pathway, solid lines for the imaginary part and dashed lines for

the real part. The horizontal axis is time in units of the p pulse length. The labels inside the echo boxes are echo numbers and coherence pathways

(inside the bracket parentheses). The first box shows the FID signal right after the last pulse. The center time of the echo, t ¼ ns1, corresponds to the

middle of the box where the time is labeled zero. Note that the maximum of many echoes does not occur at the center.
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Fig. 4. Experimental echo shapes (solid lines for the imaginary part and dashed lines for the real part) for MMME4 obtained for bulk water at 2T

field with 6G/cm gradient. Echo numbers (listed in each box) are ordered in the same fashion as in Fig. 3. The s ratio was 3 and s1 ¼ 1.5ms. The first

three pulses were 90� pulses of 115ls duration and the fourth one a 180� pulse 230ls long. The time zero corresponds to the center of each echo.

Note that the maximum of the echoes often occurs away from the center position. The sample was a cylinder, 2 cm diameter and approximately 8 cm

long along the gradient direction. The last figure shows the theoretical amplitude vs the experimental one.
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Fig. 5. MMME4 result for measuring the diffusion constant in bulk

water. MMME4 echoes were obtained with s ¼ 0:5 and s0 ¼ 3ms and

signal amplitude for echoes was determined using Eq. (39). The ratio of

the corresponding echo signals is shown for all 13 echoes as a function

of the b � c2g2bQðs03 � s3Þ. The single exponential decay of the data

points is consistent with the single diffusion constant of water. The

slope of the decay determines the diffusion constant to be

2:1� 10�5 cm2/s.
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3.5. Methods using one scan

3.5.1. Fringe field or constant gradient for large uniform

sample

In the presence of a constant field gradient, all RF

pulses are essentially slice-selective pulses that excite

only a region of sample, where the resonance frequencies

are close to the RF irradiation frequency. If the sample

is significantly larger than such volume and the RF field
is spatially constant or known, one can calculate the

echo signals and shapes rigorously. This is the case

shown in Figs. 3 and 4. In this case, one scan of the

MMME sequence will be sufficient to determine the

diffusion coefficient.

3.5.2. Arbitrary sample size

On the other hand, if the sample size is comparable or
smaller than the slice thickness, or the spatial RF profile

is unknown, one may not be able to calculate the signal

shapes for all echoes. In this case, one can show that

some of the coherence pathways produce identical echo

shapes. For MMME4, the following pairs of echoes are

closely related: echoes 1 and 3 have identical shape and

amplitude, echoes 5 and 10 have identical shape and

their amplitude ratio is 1/2, and echoes 8 and 11 have
identical shape and their amplitude ratio is 1/2. Thus,

from measurement of 13 echoes, there are in total 10

unknowns for the amplitudes, one unknown for the

diffusion constant, D. As a result, D can be determined

from one scan of MMME4.
Furthermore, if T1 and T2 relaxation decays are not
negligible during si’s, these relaxation decay factors

can be calculated for each coherence pathway [12].

With 13 data points and 13 unknowns (10 amplitudes,

D, T1, and T2), D, T1, and T2 can all be obtained in

one scan.

In addition, MMME5 will yield 40 echoes and may

provide even better measurement of D, T1, and T2 in one

scan.
4. Stimulated MMME: MMME as a unit in stimulated-

echo-type sequence

4.1. General description

The pulsed-field gradient stimulated echo technique is
commonly used for measuring diffusion. In a typical

experiment, the spin magnetization is rotated into the

transverse plane by a 90� pulse and it then precesses in a

field gradient. A second 90� pulse turns the spatially

modulated magnetization back to the z-axis. After a

time period to allow diffusion, a third 90� pulse rotates

spins into the transverse plane to form a stimulated

echo. Between the first and second pulses normally only
one coherence pathway is selected and hence one mod-

ulation is utilized. The DIFFTRAIN technique [18,19]

accelerates the diffusion measurement by observing the

decay of the modulated magnetization at several diffu-

sion times. Peled et al. [11] further extended the method

by introducing multiple modulation in the initial en-

coding period and observing the signal decay due to

diffusion at several diffusion times. However, the mul-
tiple modulations were obtained by using small tipping

angle pulses. We will compare different methods in de-

tails later in the paper.

The MMME idea can be incorporated into the

stimulated echo sequence to create multiple modulations

within one scan to retrieve diffusion information from

several coherence pathways. For example, MMME can

be used in the initial modulation period, followed by a
long waiting period, then a detection period

MMME� D1 � h1 � D2 � h2 � � � � ð41Þ
Acquisitions of echo signals can be made during the

multiple D periods. Here, the MMME segment is used as

the encoding unit to create multiple modulations in

contrast to the conventional stimulated echo with one

modulation. In the first acquisition period after h1, two
groups of echoes will be observed. The first group ap-

pears after the h1 pulse in the order of the same MMME

sequence, for instance, the 13 echoes of MMME4. The
coherence pathways of these echoes follow the form of

ðQMMME; 0;�1Þ, where QMMME is the corresponding co-

herence pathway of the MMME sequence, the 0 and 1

are the coherence states during D1 and D2. In sequences



Fig. 6. Decay of the ratio of the integrated echo signals as a function of

the square of echo number n2. The solid squares are the ratio of the

second and first STME trains ln½Eð2; nÞ=Eð1; nÞ�, solid circles are that

of the first STME train and the MMME train, ln½Eð1; nÞ=Eð0; nÞ� with
n ¼ 1–4, and the open circles are those with n ¼ 5–13.
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with additional h pulses, similar echoes appear after
each h pulse and their coherence pathways are of the

form ðQMMME; 0; . . . ; 0;�1Þ where q ¼ 0 occurs during

all of the intervening D periods. Such coherence path-

ways are very similar to that of the stimulated echo, thus

we call the corresponding echoes stimulated multiple

echoes (STME). In the rest of the paper, we will label the

echoes after the ith h pulse Eði; nÞ, where the index n
refers to the echo number within the group. In this no-
tation, Eð0; nÞ denotes the echoes after the MMME

segment.

Starting from a time D1 after the h1 pulse, another

group of echoes appears whose coherence pathways are

of the form ðQMMME;þ1;�1Þ. This second group may

often be unwanted and can be removed by phase cycling

or additional field gradient pulses during the D1 period.

With further h pulses, more echoes with coherence
pathways other than STME will appear. They can be

most effectively canceled by field gradient pulses during

the multiple D periods.

From Eq. (13), the diffusion decay factor for each

STME echo can be obtained by the following argument.

For the nth echo after the hi pulse, the modulation be-

fore the h pulse is kn. Thus, from Eq. (13)

log BQði; nÞ
� 	

¼ �D
Z

dt kðtÞ2

¼ log BQð0; nÞ
� 	

� Dk2nðD1 þ D2 þ � � � þ DiÞ;
ð42Þ

where BQð0; nÞ is the corresponding factor for the re-

spective MMME echo. The second term indicates that

the additional decay of STME is proportional to the

square of the modulation (k), completely analogous to
the decay of the conventional stimulated echo due to

diffusion. The benefit of STME is that multiple modu-

lation can be obtained in one scan of the sequence.

From Eq. (11), the RF pulses affect the echo am-

plitude through the multiplicative factor (AQ) which is

the product of RF rotation matrix element K for all the

a pulses in the MMME segment and all the h pulses

afterwards. For a known RF profile and sample ge-
ometry, AQ can be evaluated for all echoes. It is also

useful to compare the AQ factors for different groups of

STME, for example, STME after the ith and jth h
pulses.

AQðj; nÞ
AQði; nÞ

¼ K00ðiÞK0�ðjÞ
K0�ðiÞ

Yl¼j�1

l¼iþ1

K0;0ðlÞ; ð43Þ

where the parameters for K: x1l;x1l; tpl;/l are replaced

by an index l of the h pulse, for clarity. For the on-

resonance signal, dx ¼ 0 and the above formula can be

simplified to cot hi cos hiþ1 � � � cos hj�1 sin hj. It is impor-
tant to note that this factor is the same for all echoes and

thus the diffusion decay factor BQ can be obtained by the

ratio of two sets of STME.
4.2. Experimental results with stimulated-MMME

We conducted a measurement by applying the stim-

ulated-MMME4 sequence

ða1–s–a2–3s–a3–9s–a4Þ–D1–h1–D2–h2–; ð44Þ
where s ¼ 1ms, D1 ¼ 45ms, and D2 ¼ 90ms. Signals of

STME were acquired during each D period. Thirteen

coherence pathways generated by the MMME4 segment

led to observable echoes with the corresponding mod-

ulations cgs, 2cgs, . . .,13cgs for the respective echoes.

The magnitude ratios between the corresponding echoes
of the first and second STME trains are shown in Fig. 6

and they determine correctly the water diffusion con-

stant of 2:18� 10�9m2=s.
We can also compare the MMME signals with the

STME signals, at least for the on-resonance case (either

obtained by integration of the echo signal or by using

strong RF pulses). For the first four echoes of MMME4

appearing right after a4, the matrix element associated
with a4 is K4 ¼ sin a4=

ffiffiffi
2

p
. For the last nine echoes, it is

ð1� cos a4Þ=2. Similarly, for the first four echoes of the

first STME train, K4 ¼ cos a4 and the last 9 echoes,

sin a4=
ffiffiffi
2

p
. Therefore, the ratio AQð1; nÞ=AQð0; nÞ is

cot a4 sin h1 for n ¼ 1–4, and sin a4 sin h1=ð1� cos a4Þ
for n ¼ 5–13. Therefore, these two ratios can also be

used to obtain the diffusion constant. Indeed, both re-

lationships are well reproduced in Fig. 6 and the re-
sulting diffusion constant is in agreement with previous

data.

Even though the above discussion is focused on the

determination of the diffusion constant, it can also be

used to obtain the diffusion propagator [5] in one scan.

Furthermore, by using multiple h pulses, the diffusion

constant and the diffusion propagator at different times

can be obtained in one scan.



Fig. 7. (A) Theoretical echo shapes (real part, dotted lines; imaginary

part, solid lines) from a DUFIS 8 sequence for a ¼ 1�; 3�, and 5�. The
echoes at larger tipping angles are distorted compared to those at

a ¼ 1�. A time period of four p pulse length around the echo center is

shown for each echo. The amplitude of the echoes are scaled by the

numerical factors shown on the side. (B) Plot of the average of DUFIS

echo amplitude (circles), normalized to that of a Hahn echo, as a

function of a. Comparison is made with the sum of other pathways in a

DUFIS sequence (solid line) and OUFIS (dashed line).
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5. Previous one-shot diffusion measurement techniques

Two previous papers [10,11] are most relevant to the

current technique. In these two papers, small tipping

angle (often less than 1�) pulses were mandatory to

create multiple magnetization modulation (called grat-

ings in some literature) and multiple echoes were de-

tected in a fashion similar to spin-echo [10] and

stimulated echo [11]. The use of the train of small tip-
ping angle pulses is often called BURST or DUFIS. In

these schemes, one pulse can only create one modulation

(or echo) of substantial amplitude. Thus, both of these

previous techniques are inefficient in two ways. First, to

create N echoes, N excitation pulses will be used, while

in the MMME method, only about log3ð2N þ 1Þ pulses
will be needed. Second, both previous techniques can

only use a small portion of the total signal and a sig-
nificant fraction of the magnetization is still left along

the z-axis. In the current method, essentially all the

magnetization can be utilized for creating signals.

We will analyze the DUFIS sequence for diffusion

measurement in some detail in order to have a direct

comparison with the MMME sequence. The DUFIS

sequence consists of a series of small tipping angle pulses

(a) equally spaced in time before a p pulse,

½a–s–�N–p–acquisition ð45Þ
under a constant field gradient g. The desirable coher-

ence pathways giving rise to the echoes equally spaced

by s after the detections are:

QDUFIS ¼ 0 � � � 0|fflffl{zfflffl}
k

1 � � � 1|fflffl{zfflffl}
N�k

;�1; and k ¼ 0; . . . ;N � 1: ð46Þ

Strictly speaking, all these coherence pathways will re-

sult in different signals since Qs are not the same. It was
realized that at small a, the differences in the echo shapes

are small enough so that the diffusion effect can be de-

termined assuming the constant echo shape. In Fig. 7,

the spectra of eight echoes in a DUFIS sequence with

N ¼ 8 are shown to progress from the relatively uniform

shape at a ¼ 1� to dramatically difference at a ¼ 5�.
In addition to the shape changes among the DUFIS

echoes, many coherence pathways contribute to the
echoes except the last one—there is only one coherence

pathway to create the last echo. For example, for N ¼ 8,

there are 1015 and 784 additional pathways contributing

to the first and second echoes. The amplitudes of these

pathways increase significantly as the tipping angle of a
pulses increases. Fig. 7 compares the sums of all DUFIS

echoes and all other pathways as a function of a. It

appears that the non-DUFIS pathways contribute to
about 10% of the echo signal even at a ¼ 1�, and much

more as a increases. The optimized sequence (OUFIS)

[20] reduces the non-DUFIS pathways by approxi-

mately a factor of 3 (Fig. 7). Thus, the simple interpre-

tation of the echo amplitude assuming constant shape

can be inaccurate even at very small a.
The non-DUFIS coherence pathways will have a

diffusion-induced signal decay that is different from the

DUFIS pathways and in general different for each
pathway. Thus, the presence of the large number of

pathways in the DUFIS echoes makes it difficult to

analyze the diffusion effects at a larger than 1�. As a

result, previous reports of DUFIS experiments had

limited the tipping angles of the excitation pulses. This

requirement limits the detected signals to only a small

fraction of the total available magnetization of the

sample.
Compared to the DUFIS method, our present

approach (MMME) has the following advantages

that:

• there are only a few pulses needed to produce many

echoes, resulting potentially in less RF deposition in

the sample,

• one echo contains signal from only one coherence

pathway, thus the diffusion effect is well defined,
• the pulses are not limited to small tipping angles, e.g.,

90�–90�–90�– � � � –180�,
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• the echo signals represent a substantial portion of the
available magnetization of the sample.

Discussion of the MMME technique will not be

complete without exploring its limitation.

• Short T2: in any diffusion experiment using phase en-

coding, there is always a trade-off between T2 and the

available gradient strength. This is simply because T2
decay occurs during gradient encoding and decoding.

The minimum encoding time is determined by the
maximum gradient available and the range of diffu-

sion constant to be detected. There is no fundamental

difference between MMME and the stimulated echo

or DIFFTRAIN.

• S/N: each MMME echo is weaker than the stimulated

echo. However, the total signal summed over all ech-

oes is larger than the stimulated echo, e.g., more than

four times for MMME4. Thus, the ratio of total sig-
nal and total noise is close to that of the stimulated

echo. For example, the error of diffusion constant is

determined more by the total signal-to-noise ratio.

In this regard, MMME and DIFFTRAIN exhibit

similar total S/N.

• Complex relaxation: the relaxation effect is different

for different echoes, thus potentially complicates the

interpretation. If the relaxation decay is small or
the functional form of the decay is known, the relax-

ation time (T1 and T2) can be obtained from the

MMME data as discussed previously. If the relaxa-

tion is non-exponential and not known, then another

reference scan at a different gradient value can be

used as a normalization. Similar issue exists for other

one-scan methods, such as BURST and DIFF-

TRAIN.
• Diffusion propagator: the regular MMME (e.g.,

with time intervals to be 1:3:9, etc.) may not be a

good method for propagator measurement due to

the lack of well defined diffusion time. On the other

hand, Stimulated-MMME can be an excellent

method for it by using a diffusion time much longer

than the encoding time. In this case, the diffusion

time for every echo is essential a constant and the
multiple echoes will determine the propagator at

multiple k.
6. Conclusions

We present a novel NMR methodology for truly ra-

pid measurement of diffusion properties. This method
uses a few RF pulses and static or pulsed field gradient

to create and observe multiple coherence pathways.

Signals from all coherence pathways are well separated

in time, and no phase cycling is needed, thus enabling a

truly rapid measurement.

We outline the theoretical treatment of the spin dy-

namics during the multiple RF pulses and field gradient
including the off-resonance effects which is crucial for
diffusion and imaging experiments. The theoretical echo

shapes and echo decays are found to be consistent with

the experimental results. The theoretical framework can

be useful to simulate the signals for given RF and

sample profiles and to optimize the pulse sequences, i.e.,

flip angles of the pulses.

The high speed of this method is one of its major

advantage that will enable the observation of time-sen-
sitive processes. Its potential applications include fluid

characterization, medical MRI and the monitoring of

material processing and chemical reactions.
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